'TOPOLOGICAL PARALLEL WORLD' CONSTRUCTED BY 
MODIFICATION OF SPACE-TIME ALONG OBSERVABLES 
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■ Abstract. We introduce a new concept, '(topological) (vacuum) parallel world, ' which is 
pi ' a new tool to research submanifolds. Roughly speaking, 'Observables in (T)QFT' is equal 
QJ . to 'a (topological) modification of space-time.' In other words, we give a new interpretation 

' of observables. 
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1. Introduction: An Example 

' 

In this paper we introduce a new concept, '(topological) (vacuum) parallel world, ' which 
^ ■ is a new tool to research submanifolds. 

In this section we give an example of topological vacuum parallel worlds. In §2 we give 
definition. In §3 we give one more example and problems. In §4 we have discussion. 

O 

Example 1. The property 'whether or not the Alexander polynomial for an 
*f ■ arbitrary 1-knot in iS* 3 is trivial' and its parallel world. 

Let K be a 1-knot in S 3 . Let (£) be the Alexander polynomial of K. See [01] for 
r-| ! 1-knots and so on. 

One way to define the above property: J2| [201 |2Hj 1231 etc. say: A#(i) can be 

■ represented by an information of a path integral 
Z(S 3 , K) = f g VAexp(£ J M Tr{CS(A)})0(K), where Q is a space of sections on a bundle 
of S 3 and O(K) is an observable defined by using Wilson line (see the following note). 
Note. Let M be a closed oriented 3-manifold. Let L C M be a submanifold diffeomorphic 
to some copies of S 1 . j2H| says a path integral 

Z k (M,L)= [ VAexp(^ [ Ti{CS(A)})Wi\(L), 



Jg 47r JM 

where A is a 1-form on M associated with a flat G bundle, where CS (A) is the Chern-Simon 
3-form, where G is a compact Lie group, where Q is a space of sections on the bundle and 
where fceZ, 
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essentially represents the Jones polynomial of L if M = S 3 and G = SU(2). Furthermore, 
if L is the empty set, Z^(M) essentially represents Witten's quantum invariant of M. 
Another way to define the above property: Suppose that an oriented closed 3- 
manifold B(K,n) is the branched cyclic covering space along K. (See [TU].) 

j3] says: the above Z&(M) is defined for if G is a discrete Lie group. If we take an 
appropriate Lagrangean corresponding to the above, call it Z(M), (which does not have 
an parameter k; see f5j). Then Z(M) is l Hom ( 7 j^( M )' G )l ? w here | | is the order of a group. 

Let G = Z p for anypGN - {1}. Let n E N - {1}. Let Z(B(K,n)) p = Z(B(K,n)) if 
G = Z„. Then Z(B(K,n)) p = \^(^(K,n)),z p )\ = [Ba *H 1 WK, n )Wfi p )\ 

If Z(B(K, n)) p = i for all pair (p, n), then H X {B{K, n); Z) ^ for all n. (0] (TSj say that, 
= 1 holds if and only if Hi(B(K,n);Z) = for all n. Therefore we have: whether 
^ic(^) = 1 or not can be represented by another path integral. 

Therefore we have: whether A K (t) = 1 or not can be represented by two ways of path 
integrals. 

Roughly speaking, the former way uses a path integral of a Lagrangean and an observable. 
The latter way uses a modification of space-time along an obserbable and a path integral 
of a Lagrangean, where this path integral does not include an observable. More roughly 
speaking, modification of space-time is 'equal' to an observable in QFT. 

After our definition in §2, We say: {B(K, n)} is a parallel worldioi all knots K associated 
with whether or not the Alexander polynomial is trivial. The operation to make the 
branched cyclic covering spaces is modification of space-time to make the parallel world 
{B(K, n)}. See §2 for detail. 

Note: A parallel world is a set of manifolds in a case and is a single manifold in another 
case. 



2. Topological vacuum parallel world 
In this section we introduce '(topological) (vacuum) parallel world.' 

Let X be a smooth x-dimensional manifold. Let Y be a smooth y- dimensional manifold. 
Let y ^ x. Let K C X be a smooth submanifold of X which is diffeomorphic to Y. 

In this paper we research submanifolds. For example, we consider whether or not a 
submanifold K C X is equivalent to another submanifold K' C X. See [TT] P3] [HI for 
manifolds, submanifolds and so on. 

One way to define an invariant for submanifolds: A path integral 

Z(X,K)= [ VAexp(£)0{K), 
Jg 
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where Q is a space of sections on X, where £ is a Lagrangean, and where O(K) is an 
observable associated with if, gives an invariant of submanifolds if C X. If, for some C 
and O(K), we have Z(X, if) ^ Z{X, if'), then the submanifold if C X is not equivalent 
to the submanifold AT' C X. 

Another way to define an invariant for submanifolds: Take a topological modi- 
fication £ which makes X into a new manifold Mx by an operation associated with if. 
Examples: surgery along knots, branched covering spaces along knots, X — if etc. See 



where T is a space of sections on Mk, gives an invariant of submanifolds if C X. For 
some C and £, we have Z(Mk) ^ Z(Mk>)- It implies that the submanifold if C X is not 
equivalent to the submanifold K' C X. 

Definition. Fix X, Y as above. If we have Z(Mr-) = AT) for any submanifold 

if C X, then we say that M K is a topological vacuum parallel world of the submanifold 
if C X associated with Z(X, if) and that the topological modification £ makes a topological 
vacuum parallel world of submanifolds if C X associated with Z(X, if). 

If some information of Z(Mk) coincides with some information of Z(X,K), then we 
also say that the topological modification £ makes a topological vacuum parallel world for 
submanifolds if C X associated with the information of Z(X,K). 

Roughly speaking, the following two are equivalent. 

(1) a path integral of a Lagrangean and an observable 0(K). 

(2) a path integral of a Lagrangean associated with Mk and a topological modification £ 
associated with K. 

In other words, more roughly speaking, 'Observables in (T)QFT' is equal to 'a (topological) 
modification of space-time.' We give a new interpretation of observables. 
Note: we call both K and 0{K) observable. 

The above definition is not so strict. One can change it a little for their purpose. For 
example, changing C into A parallel world is a single manifold in a case and is a set 
of manifolds in another case. We may discuss complex manifold case, symplectic ones and 
so on. 

3. Problems 

Example 2. The Jones polynomial for (2, ±(5/ + 3))-torus knots and its parallel world (i G 
Z and 5/ + 3 is an odd number). 

Let if be a (2, ±(5/ + 3))-torus knot. Let V K (t) be the Jones polynomial of if. 
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A path integral 




One way to define the above one: As in Note in Example 1, the Jones polynomial is 
defined by a path integral. 

Another way to define the above one: Let S(K, m) be a closed oriented 3-manifold which 
is made from S 3 by a surgery along K with framing m (see [9 ). Then S(K, 1) is a homology 
3-sphere. Let A = X(S(K, 1)) be the Casson invariant of S(K, 1). Consider an equation 
A = £™ =1 (— l) n+l i 2 on n. Then there is one and only one solution which is a nonnegative 
integer, call it n. Take f(t) = t n (l - t 2 )-\l - t 3 - t 2n+2 + t 2n+3 ) and g(t) = /(f). 

By using the quantum invariant t^(S(K, m)) (m G Z), we can know Vft-(e~^) (see Theorem 
(8.14) in [ID])- h- 1 our case, only one of the polynomials f(t) and g(t) satisfies the condition 
that the value at t — is equal to the value VRr(e^r) (see Th. 14.13 in 13J), call it h(t). 
Vx(t) is the polynomial h{t). 

[15] says the Casson invariant of any homology 3-sphere is determined by the all quantum 
invariants of the homology 3-sphere. It means X(S(K, 1)) can be represented by a path 
integral and, furthermore, that the Jones polynomial of the above K can be represented 
by another path integral. {S(K, m)} is a parallel world in this case. 

Note: The gauge groups are same in both path integrals representing the Jones polynomial 
of these examples. Each of them is 577(2). 

By using pQ j3] ^U] ^2] PUj [21] and their generalizations in many other papers, we 
can make such many examples of topological parallel worlds. For example, the value of the 
Jones polynomial and that of the Alexander polynomial at a value can be obtained from 
the quantum invariants. Another example: the Alexander polynomial of torus knots can 
be obtained from Z(B(K, n)) p for all (p, n). 

We give two problems. 

(1) Let r r be the r-th quantum invariant (see etc). Suppose that T r (B(K,n)) = 
T r (B(K r ,n)) for any n£N - {1} and for any r. Suppose that T r (S(K,n)) = T r (S(K',n)) 
for any n G Q and for any r. Then do we have Vx{t) = Vjj-'(t)? (Note S(K,n) can be 
defined for any rational number; see [T9*]). 

(2) If Z(B(K,n)) p = Z(B(K',n)) p holds, then do we have A K (t) = A K ,(t)7 

If ra),Z) | = |i7i(B(ir,n),Z)|@for@any@n, then do we have A K {t) = A K >(t)l 

4. Discussion 

It would be better that we say that the concept of parallel worlds for observables is a 
principle to find a new model of TQFT than that we regard the existence of the above 
examples as theorems. Because we can make a parallel world for any observable in a trivial 
way similar to the following way: Consider the Jones polynomial Vx{t) = EjOj ■ t l , where 
i G Z and where a, 7^ holds for finite numbers of i. Take a closed oriented 3-manifold Mi 
such that Tj(Mi) = aj (of course, 7>( ) can be changed into another appropriate invariant). 
Then, anyway, {Mi} is a parallel world for the Jones polynomial. Of course, this way is very 
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trivial. We want a way to make parallel world that we can make it without information of 
Vx{t). We need to find a 'good' parallel world. But the condition 'without information of 
Vk-(£)' is very vague and the word 'good' is used in the meaning in daily life. So, we would 
say that the concept of parallel world for observable is principle to find a new TQFT. 

If an invariant for manifolds has a good vacuum parallel world, then we only have to 
investigate a Lagrangian. We do not need to investigate both Lagrangian and observable 
spontaneously. In this meaning, the concept of parallel world is useful in order to find a 
new invariant. 

For complex manifolds, we know a Lagrangean whose path integral we can compute, 
e.g. holomorphic Chern-Simons term (see [7j (221 and their references). We know 
topological modification of complex manifolds compatible with their complex structures, 
e,g., blow up, flop. What is obdervables corresponding to these modifications? 

For high dimensional knots (see JT] JE] ^H] and their references.), we know a classical 
Lagrangean, e.g. Chern-Simons n-form (note n is odd; see j3J), which would be able to 
be quantized. We know topological modification in high dimensional knot theory, using 
surgery, branched cyclic covering, complement etc. Can we find a new model of TQFT in 
high dimensional knot theory? 
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